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( )An effecti®e methodology is reported for determining the optimal capacity lot size of
batch processing and storage networks which include material recycle or reprocessing
streams. It is assumed that any gi®en storage unit can store one material type which can
be purchased from suppliers, internally produced, and internally consumed andror sold
to customers. It is further assumed that a storage unit is connected to all processing
stages that use or produce the material to which that storage unit is dedicated. Each
processing stage transforms a set of feedstock materials or intermediates into a set of
products with constant con®ersion factors. The objecti®e for optimization is to minimize
the total cost composed of raw material procurement, setup, and in®entory holding
costs, as well as the capital costs of processing stages and storage units. A no®el produc-
tion and in®entory analysis formulation, the PSW model, pro®ides useful expressions for
the upperrlower bounds and a®erage le®el of the storage in®entory holdup. The expres-
sions for the Kuhn-Tucker conditions of the optimization problem can be reduced to
two subproblems. The first yields analytical solutions for determining batch sizes, while
the second is a separable conca®e minimization network flow subproblem whose solu-
tion yields the a®erage material flow rates through the networks. For the special case in
which the number of storage units is equal to the number of process stages and raw
materials storage units, a complete analytical solution for a®erage flow rates can be
deri®ed.

Introduction
The purpose of this study is to suggest an effective

Ž .methodology to determine the optimal capacity lot-size of
general batch-storage network including recycling streams.
We already have developed the compact analytical solution
of the optimal lot sizing of multiproduct, sequential multi-
stage production and inventory system with serially and par-

Žallel interlinked storage units and processes Yi and Reklaitis,
.2002 . In this study, we enlarge the network connection struc-

Correspondence concerning this article should be addressed to G. V. Reklaitis.

ture of the storage units and the processes to the most gen-
eral form. We assume that any storage unit can be connected
to any process as feedstock andror product. A practical ad-
vantage of this study over our previous work exists in that we
can deal with the network structure involving nonsequential
recycling streams, which is very popular in chemical pro-
cesses. In spite of general presentation, analytical solution is
still available as a special case.

Recycle streams are naturally required in chemical pro-
cesses involving reversible exothermic reactions, consecutive

Ž .reactions A™B™C with the intermediate B as the de-
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Figure 1. Motivating example process with recycle
stream.

sired product, solvent extraction, and wastewater treatment.
Recycle streams significantly increase capital and energy costs
Ž .Luyben, 2000 . The existence of a single recycle stream in-
creases the iteration times of process simulation by more than
a dozen. Consider a simple example plant with a recycle
stream in Figure 1a. We assume that the feed and product
streams are continuous and the process operates batchwise,
for simplicity. The inventory holdup where the recycle stream
is connected is very complicated, as shown in Figure 1b. The
inventory level of feed materials should not be depleted for
the proper operation of the batch process. It would be non-
trivial work to find a feasible and minimum storage size for
the given input and output noncontinuous flows. Moreover,
determining the optimal capacity of all equipments and
stream flows involving recycle streams without depletion of
the storage materials will be a very difficult task. Most real
plant design problems involve multiple processes and storage
units in serial andror parallel connections with forward
andror backward flows. Each process consumes a fixed com-
position of multiple feed materials and produces a fixed yield
of multiple products. Each process unit requires a time delay
of material flow. Every construction and operation of the
process and storage units are followed by several cost factors
such as capital cost, setup cost, inventory holding cost, and so
on. It would be a challenging work if a unified general model
could be found to accommodate all of such design concerns.

Ž .Yi and Reklaitis 2000 suggested a novel production and
Ž .inventory analysis method called periodic square wave PSW

and applied it to the optimal design of a parallel batch-stor-
age system. They extended the plant structure to the sequen-
tial multistage batch-storage network in Yi and Reklaitis
Ž .2002 . The PSW model is suitable to describe the periodic
material flow of a highly interlinked batch-storage system. The

application of it is not limited to the sequential multistage
network. In this article, we will apply the PSW model to the
nonsequential network involving arbitrary recycling flows. We
address an arbitrary circuit with simplified batch processes
and storage units. We will focus on obtaining a compact set
of analytical solutions. In order to obtain the analytical solu-
tion, we assume that all operations are periodical with un-
known cycle times. An analytic solution is very useful at the
preliminary conceptual design stage, because in the early
stages of plant design, detailed information is not yet avail-
able. Thus, a rigorous detailed model may be of limited value.
At the early plant design stage, it is common that the man-
agerial or strategic decisions are changed due to uncertain
market information. Consequently, the subsequent design
work requires repeated revision. In this situation, a simple
analytic solution has great advantages in responding to a very
diverse range of managerial decisions.

The subsequent presentation will proceed as follows. We
will introduce the notation for the nonsequential network
structure. We assume that all storage units can be connected
to all processes that consume or produce those materials to
which the storage units are dedicated. One storage unit stores
one material which can be purchased from suppliers, inter-
nally produced, internally consumed, andror sold to con-
sumers. The processes transform a set of feedstock materials
into another set of products with constant conversion factors.
The objective function of optimization is minimizing the total
cost composed of raw material purchase, setup, and inven-
tory holding costs, as well as the capital costs of constructing
processes and storage units. The PSW model provides useful
expressions for the upperrlower bounds and average level of
the storage inventory holdup. The Kuhn-Tucker solution to
the given optimization problem gives analytic solutions for
determining batch sizes and a separable concave minimiza-
tion network flow problem for determining the average mate-
rial flow rates through processes and storage units. A special
case of analytic solution for the average flow rates exists in
that the number of storage units is equal to the number of
processes and raw material storage units. An illustrative ex-
ample will show the effectiveness of our approach.

Definition of Parameters and Variables
A chemical plant, which converts raw materials into final

products through multiple physicochemical processing steps,
Ž .is composed of a set of storage units J and a set of batch

Ž . Ž .processes I , as shown in Figure 2. The circle jg J in the
Ž .figure represents a storage unit, the square ig I represents

Figure 2. General structure of batch-storage network–
process and storage sets.
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Figure 3. Feedstock composition and product yield of a
process.

a batch process, and the arrows represent the material flows.
Each process requires multiple feedstock materials of fixed

Ž j.composition f and produces multiple products with fixedi
Ž j.product yield g , as shown in Figure 3. Note that storagei

index j is superscript and process index i is subscript. If there
is no material flow between a storage unit and a process unit,
the corresponding feedstock composition or product yield
value is zero. Each storage unit is dedicated to one material.
Multiple storage units that store the same material are con-
sidered as one storage unit. Each storage is involved with
four types of material movement, purchasing from suppliers
Ž Ž .. Ž Ž ..kgK j , shipping to consumers mgM j , feeding to
processes, and producing from processes, as shown in Figure

Ž . Ž .4. Note that the sets of suppliers K j or customers M j are
storage dependent. Note also that the stage index n in Yi

Ž .and Reklaitis 2002 is not necessary any more because the
existence of arbitrary recycling streams does not allow identi-
fying the stage sequence. The material flow from process to

Ž .storage or from storage to process is represented by the
Ž .PSW model, as shown in Figure 5 in Yi and Reklaitis 2002 .

The material flow representation of the PSW model is com-
posed of four variables: batch size B , cycle time � , storagei i

in Ž out. in Žoperation time fraction x or x , and startup time t ori i i
out. in Ž out.t . The storage operation time fraction x or x is thei i i

Ž .fraction of the time of material movement to or from the
in Ž out.process over cycle time. The startup time t or t is thei i

Žfirst time at which the first batch is fed into or discharged
.from the process. The feedstock flows from predecessor

storages and the product flows to successor storages are, of
course, not independent. One production cycle of the batch
process is composed of feeding time, processing time, and
discharging time. In reality, there may exist sequences of
feedstock feeding operations or product discharging opera-
tions, and the sequences depend upon material movement
system design such as pumping and piping network. There-

Figure 4. Incoming and outgoing material flows of a
storage unit.

fore, the material movement times may not be the same even
within a particular stage, in general. However, at the early
design stage, such information is not available because the
material movement facilities are not designed yet. As far as
the design of a material movement system does not signifi-
cantly influence the process andror storage size, we, thus,
assume that the feedstock feeding operations to the process
Ž .or the product discharging operations from the process oc-
cur at the same time and their storage operation time frac-
tions are the same among feeding or discharging flows. That
is, the superscript j is not necessary to discriminate storage

in Ž out. in Ž out.units in the x or x and t or t . The material flowi i i i
of raw material purchase is represented by order size B j ,k
cycle time � j , storage operation time fraction x j , and startupk k
time t j . All storage operation time fractions will be consid-k
ered as parameters, whereas the others will be the design
variables as used in this study. The material flow of finished
product sales is represented by B j , � j , x j , t j in the samem m m m
way. The arbitrary periodic function of finished product de-
mand forecast can be represented by the sum of periodic
square wave functions with known values of B j , � j , x j , t j

m m m m
Ž .Yi and Reklaitis, 2000 .

Nonlinear Optimization Model of Plant Design
From the fact that one production cycle in a process is

Ž in .composed of feedstock feeding time x � , processing time,i i
Žw in out x . Ž out .1y x y x � , and product discharging time x � ,i i i i i
there exists the following timing relationship between the
startup time of feedstock streams and the startup time of
product streams

t outs t inq� 1y xout 1Ž .Ž .i i i i

Let D be the average material flow rate through process i,i
which is batch size B divided by cycle time � . The averagei i
material flows of raw material purchase from suppliers and
finished product shipping to consumers are denoted by D j ,k
D j , respectively, where D j s B jr� j , D j s B j r� j . Them k k k m m m
overall material balance around a storage unit results in the
following relationships

� Ž . � � Ž . �� � K j � � M jI I
j j j jg D q D s f D q D 2Ž .Ý Ý Ý Ýi i k i i m

is1 ks1 is1 ms1

Suppose that the initial inventory of storage j is denoted
jŽ .by V 0 and the inventory holdup of storage j at time t is

jŽ .denoted by V t . The inventory holdup can be calculated by
the difference between the incoming material flows from sup-
ply processes and the outgoing material flows into consump-
tion processes. Special properties of the periodic square wave
function are required to integrate the detail material balance
equation, as can be seen in the Appendix in Yi and Reklaitis
Ž .2002 . A storage unit is connected to the incoming flows
from suppliers and processes and the outgoing flows into
consumers and processes. The resulting inventory holdup
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function for a storage unit is

V j t sV j 0Ž . Ž .
� Ž . �K j j jty t 1 ty tk kjq B int qmin 1, resÝ k j j j½ 5� x �k k kks1

� � out outI ty t 1 ty ti ijq g B int qmin 1, resŽ .Ý i i out½ 5� �xi iiis1

� Ž . �M j j jty t 1 ty tm mjy B int qmin 1, resÝ m j j j½ 5� x �m m mms1

� � in inI ty t 1 ty ti ijy f B int qmin 1, res 3Ž .Ž .Ý i i in½ 5� �xi iiis1

The upper bound of the inventory holdup, the lower bound
of the inventory holdup, and the average inventory holdup of
Eq. 3 are calculated by using the properties of the flow accu-

Ž .mulation function Yi and Reklaitis, 2002

� Ž . � � Ž . �K j K j
j j j j j j jV sV 0 q 1y x D � y D tŽ . Ž .Ý Ýk k k k k

ks1 ks1

� � � �I I
out j j outq 1y x g D � y g D tŽ .Ý Ýi i i i i i i

is1 is1

� Ž . �� � M jI
j in j jq f D t q D t 4Ž .Ý Ýi i i m m

is1 ms1

� Ž . �K j � �I
j j j j j outV sV 0 y D t y g D tŽ . Ý Ýk k i i i

ks1 is1

� � � �I I
in j j iny 1y x f D � q f D tŽ .Ý Ýi i i i i i i

is1 is1

� Ž . � � Ž . �M j M j
in j j j jy 1y x D � q D t 5Ž .Ž .Ý Ým m m m m

ms1 ms1

� Ž . � � Ž . �K j K jj1y xŽ .kj j j j j jV sV 0 q D � y D tŽ . Ý Ýk k k k2ks1 ks1

� � � �outI I1y xŽ .i j j outq g D � y g D tÝ Ýi i i i i i2is1 is1

� � � �inI I1y xŽ .i j j iny f D � q f D tÝ Ýi i i i i i2is1 is1

� Ž . � � Ž . �M j M jj1y xŽ .m j j j jy D � q D t 6Ž .Ý Ým m m m2ms1 ms1

Equation 4 will be used to predict storage size. Equation 5
will be used for no depletion constraint. Equation 6 will be
used to calculate inventory holding cost.

The purchasing setup cost of raw material j is denoted by
A j $rorder and the setup cost of process i is denoted by Ak i

$rbatch. The annual inventory holding cost of storage j is
denoted by H j $ryearrL. The annual capital cost of process
construction and licensing cannot be ignored in the chemical
process industries. In general cases, capital cost is propor-
tional to some power of process capacity. The typical value of

Žexponent ranges from 0.3 to 1.2 Peters and Timmerhaus,
.1980 . In this article, we will assume that capital cost is pro-

portional to process capacity in order to permit an analytical
j Ž .solution. Suppose that a $ryearrL is the annual capitalk

Ž .cost of purchasing facility for raw material j, a $ryearrL isi
j Ž .the annual capital cost of process i and b $ryearrL is the

annual capital cost of storage unit j. Assume that raw mate-
rial cost is proportional to the quantity and the purchasing
price of raw material j from k supplier is P j $rL. Note that,k
without further complexity, the functionality of the raw mate-
rial cost with respect to the quantity can be elaborated to any
separable concave function by considering the economies of
scale. The objective function for the design of the batch-stor-
age network is to minimize the total cost consisting of the
raw material procurement cost, the setup cost of processes,
the inventory holding cost of storage units, and the capital
cost of processes and storage units

� Ž . � � Ž . �� � K j � � K jjJ JAk j j j j jTCs qa D � q P DÝ Ý Ý Ýk k k k kj�kjs1 ks1 js1 ks1

� � � �I JAi j j j jq qa D � q H V qb V 7Ž .Ý Ýi i i�iis1 js1

Without loss of generality, storage size will be determined
by the upper bound of inventory holdup V j. Therefore, Eq. 4
is the expression for storage capacity. The independent vari-
ables are selected to be cycle times � j ,� , startup times t j ,t in,k i k i
and average material flow rates D j , D . The startup time t out

k i i
is converted into t in by Eq. 1. Equation 7 can be transformedi
into the following expression in terms of the independent
variables by using Eqs. 4 and 6

� Ž . � � Ž . �� � K j � � � � K jŽ j.J I JA Ak i j jTCs q q P DÝ Ý Ý Ý Ý k kj �� ikjs1 ks1 is1 js1 ks1

� Ž . �� � K j jJ H
j j j j jq qb 1y x qa D �Ž .Ý Ý k k k kž /2js1 ks1

� Ž . �� � K jJ
j j j jy H qb D tŽ .Ý Ý k k

js1 ks1

� � � � � �I J I
j j j j inq a D � q H qb f y g D tŽ . Ž .Ý Ý Ýi i i i i i i

is1 js1 is1

� � � � jJ I H
in j out jy 1y x f q 1y x g D � qconstantsŽ . Ž .Ý Ý i i i Ž i. i i2js1 is1

8Ž .
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where constants are

� �J
j j jconstantss H qb V 0Ž . Ž .Ý

js1

� Ž . �� � M j jJ H
j j jy 1y x D �Ž .Ý Ý m m mž /2js1 ms1

� Ž .� � M jJ
j j j jq H qb D t 9Ž . Ž .Ý Ý m m

js1 ms1

jŽ .The inventory holdup V t should be confined within the
j j jstorage capacity. Sufficient conditions are 0FV �V FV .max

Since the storage size V j should be determined throughmax
this analysis, only the conditions 0FV j are necessary. The
lower bounds of holdup Eq. 5 are given by the following in-
equality

� Ž . �K j � � � �I I
j j j j out in jV 0 y D t y g D t y 1y x f D �Ž . Ž .Ý Ý Ýk k i i i i i i i

ks1 is1 is1

� Ž . � � Ž . �� � M j M jI
j in j j j j jq f D t y 1y x D � q D t G0 10Ž .Ž .Ý Ý Ýi i i m m m m m

is1 ms1 ms1

The problem is defined as minimizing the total cost given by
Eq. 8 subject to the constraints Eq. 10 with respect to the

j j in j Žnon-negative design variables � , � , t , t , and D , D . Wek i k i k i
can easily incorporate the upper andror lower bounded case
of design variables, as will be discussed in Example Plant De-

.sign and Discussions. The objective function Eq. 8 is convex
and the constraints are linear with respect to � j ,� , and t j ,t in

k i k i
if D j , D are considered as parameters. However, the convex-k i
ity with respect to D j , D is not clear. At first, we obtain thek i
solution for Kuhn-Tucker conditions with respect to � j ,�k i
and t j ,t in when D j , D are considered as parameters and,k i k i
then, we will further solve the problem with respect to D j , D .k i
Even though the problem is separated into a two-level para-
metric optimization problem, the Kuhn-Tucker conditions of
the original problem and the two-level problem are the same

Ž .if the constraints are reduced to equality Appendix A . The
first problem of the two-level problem has a convex objective
with linear inequality constraints, and the second problem of
the two-level problem has a concave objective with linear
equality constraints. The two-level parametric approach leads
to global optimum as far as the second problem converges to
its global optimum point.

Solution of Kuhn-Tucker Conditions
The Kuhn-Tucker solution to the first level optimization

Ž .problem minimizing the objective function Eq. 8 subject to
Ž . jthe constraint Eq. 10 with fixed values of D , D is obtainedk i

Ž .by similar algebraic manipulation in Yi and Reklaitis 2002 ,
as is summarized in Appendix B. Optimal cycle times are

jAkj� s 11Ž .k ( j jD �k k

Ai
� s 12Ž .i (D �i i

where

H j
j j j j� s qb 1y x qa 13Ž .Ž .k k kž /2

� � jJ H
in j j� sa q 1y x qb fŽ . Ýi i i iž /2js1

� � jJ H
out j jq 1y x qb g 14Ž .Ž . Ýi iž /2js1

Optimal startup times are

� Ž . �K j � �I
j j j j inD t q g y f D tŽ .Ý Ýk k i i i i

ks1 is1

� Ž . � � Ž . �M j M j
j j j j j jsV 0 y 1y x D � q D tŽ . Ž .Ý Ým m m m m

ms1 ms1

� �I
in j out jy 1y x f q 1y x g D � 15Ž .Ž . Ž .Ý i i i i i i

is1

� Ž . � � � � �Equation 15 has K j q I variables and J equations. In
most real cases, the variables outnumber the equations. We
may need a secondary objective function to fix the additional
freedom and it will be introduced in an example design prob-
lem. Optimal storage sizes are

� �I
j in j out jV s 1y x f q 1y x g D �Ž . Ž .Ýs i i i i i i

is1

� Ž . � � Ž . �K j M j
j j j j j jq 1y x D � q 1y x D � 16Ž .Ž . Ž .Ý Ýk k k m m m

ks1 ms1

Optimal objective value is

� Ž . � � Ž . �� � K j � � K jJ J
j j j j j j'TC D , D s2 A � D q P DŽ . Ý Ý Ý Ýk i k k k k k

js1 ks1 js1 ks1

� Ž . �� � � � M jjI J H
j j j jq2 A � D q qb D � 1y x' Ž .Ý Ý Ýi i i m m mž /2is1 js1 ms1

17Ž .

The second level optimization is composed of minimizing
the objective function Eq. 17 subject to the constraint Eq. 2
with respect to average flow rates D j , D . This optimizationk i
problem is in the category of separable concave objective
minimization network flow problem. An efficient, but compli-
cated, nonlinear branch-and-reduce algorithm has been pub-

Ž .lished in Shectman and Sahinidis 1998 . A rather simple
mixed integer linear model that piecewisely linearize the con-
cave objective function has been suggested in Tsiakis et al.
Ž .2001 . As far as the average flow rates are determined, the
other design variables are explicitly calculated by Eqs. 11�16.
We will introduce a special case that the average material
flow rates are analytically determined.
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Figure 5. Example plant–input data.

Process groups with the same feedstock composition and
product yield commonly occur in chemical plants. The same
processes can be built one after the other in order to meet
slowly increasing customer demand. Some processes should
be built in multiple units, because they reach the capacity
limits that originate from technical andror safety concern. In
this article, the process is characterized by the parameters of
feedstock composition, product yield, storage operation time
fraction, setup cost, and capital cost. It is certain that the
identical processes, which have all the same parameters, can
be considered as one process. The processes that have the
same feedstock composition and product yield, but have dif-
ferent storage operation time fraction, setup cost, and capital


 4cost are called similar processes. The batch process set Is i

 4can be regrouped into a similar process set Ls l , where the

process ig l has the same feedstock composition and prod-
uct yield, that is, g j y f js g j y f j , for i , i g l. Without lossi i i i 1 21 1 2 2

of generality, the second level optimization problem can be
decomposed into three optimization problems

Main Problem:

� � � � � �J J L
j j j j j

� � �min A � D q P D q A � D''Ý Ý Ýk k pur k pur l l l
jD , D js1 js1 ls1p u r l

18Ž .

� Ž . �� � M jL
j j j jSubject to D q g y f D s D 19Ž .Ž .Ý Ýpur l l l m

ls1 ms1

Supplier Selection Problem:
� Ž . � � Ž . �K j K j

j j j j j'min A � D q P D 20Ž .Ý Ýk k k k k
jD ks1 ks1k

� Ž . �K j
j jSubject to D sD 21Ž .Ý k pur

ks1

� �l

Process Selection Problem: min A � D 22' Ž .Ý i i i
D i ig l

� �l

Subject to D sD 23Ž .Ý i l
ig l

The objective functions of supplier and process selection
problems are minimizing concave functions. The optimum
point exists at the edge of feasible zone. Therefore, only one
of average flow rates is equal to the right side value of the
constraints and all the others are zeros, that is, D �

j sD j ,k pur
D � sD and D �

j s0, D � s0. If D j in Eq. 21 is con-i l k� k i� i pur
stant, the optimal solution for the supplier selection problem
simply chooses the one k� with minimum objective value. If
D in Eq. 23 is constant, the optimal solution for the processl
selection problem simply chooses the one that has the mini-
mum coefficient of A � , as proved in Proposition II of Yii i

Ž .and Reklaitis 2002 . However, the analytical solution for the
Main Problem is available only when Eq. 19 can be solved
directly. Suppose that the storage set connected with raw ma-


 4terial procurement, denoted as R� r , is proper subset of
total storage set, that is, R; J. Also, suppose that the num-
ber of storage units that are not in set R is equal to the

� � � �number of similar processes, that is, J _R s L . Then, Eq.
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19 is linear and can be transformed into a linear system with
the following matrix and vectors

1 1 1 1 1 1 1 11 0 . . . 0 0 g y f g y f . . . g y f g y f1 1 2 2 � L �y1 � L �y1 � L � � L �

2 2 2 2 2 2 2 20 1 . . . 0 0 g y f g y f . . . g y f g y f1 1 2 2 � L �y1 � L �y1 � L � � L �

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
� R �y1 � R �y1 � R �y1 � R �y1 � R �y1 � R �y1 � R �y1 � R �y10 0 . . . 1 0 g y f g y f . . . g y f g y f1 1 2 2 � L �y1 � L �y1 � L � � L �

� R � � R � � R � � R � � R � � R � � R � � R �0 0 . . . 0 1 g y f g y f . . . g y f g y f1 1 2 2 � L �y1 � L �y1 � L � � L �
R se x � R �q1 � R �q1 � R �q1 � R �q1 � R �q1 � R �q1 � R �q1 � R �q10 0 . . . 0 0 g y f g y f . . . g y f g y f1 1 2 2 � L �y1 � L �y1 � L � � L �

� R �q2 � R �q2 � R �q2 � R �q2 � R �q2 � R �q2 � R �q2 � R �q20 0 . . . 0 0 g y f g y f . . . g y f g y f1 1 2 2 � L �y1 � L �y1 � L � � L �

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
� J �y1 � J �y1 � J �y1 � J �y1 � J �y1 � J �y1 � J �y1 � J �y10 0 . . . 0 0 g y f g y f . . . g y f g y f1 1 2 2 � L �y1 � L �y1 � L � � L �

� J � � J � � J � � J � � J � � J � � J � � J �0 0 . . . 0 0 g y f g y f . . . g y f g y f1 1 2 2 � L �y1 � L �y1 � L � � L �

T� Ž . �M j
T1 2 � R � jD s D , D , . . . , D , D , D , . . . , D , D , D s D 24Ž .
 4 ÝRL pur pur pur 1 2 � L �y1 � L � out m½ 5

ms1

Ž . Ž .TThe solution for Eq. 19 exists if det R �0 and R De x e x out
�0. The second condition is necessary to guarantee the
non-negative element values of D from Fakas’s theorem inRL

Ž .Prekopa 1995

y1D s R D 25Ž .Ž .RL e x out

Note that the optimal average material flow rates for the se-
Ž .quential multistage case derived in Yi and Reklaitis 2002

coincide with Eq. 25.
Design computation proceeds in the reverse of the mathe-

matical derivation so far. First of all, the average flow rates
should be computed by Eq. 25 andror Eqs. 18�23. Then, cy-
cle times are calculated by Eqs. 11 and 12. Finally, startup
times and storage sizes are calculated by Eqs. 15 and 16.
Equation 15 is a linear system and also can be represented by

Ž .a matrix-vector equation. Define vector T and � 0 as fol-RL
lows

T1 2 � R � in in in in
� � �T s t , t , . . . , t , t , t , . . . , t , t
 4RL k k k 1 2 � L �y1 � L �

� Ž . � � Ž . �M j M j
j j j j j j� 0 s V 0 y 1y x D � q D tŽ . Ž . Ž .Ý Ým m m m m½

ms1 ms1

T� �I
in j out jy 1y x f q 1y x g D � 26Ž .Ž . Ž .Ý i i i i i i 5

is1

The corresponding matrix-vector equation for Eq. 15 is

R I D T s� 0 27Ž . Ž .Ž .Ž .e x e x RL RL

where I is a unit matrix that has the same dimension withe x
R . In order for Eq. 27 to have the non-negative elements ofe x

wŽ .Ž .xT Ž .solution vector T , the condition R I D � 0 �0RL e x e x RL
should be satisfied.

Example Plant Design and Discussions
The example plant in Figure 5 has a similar structure and

Ž .parametric values to the example in Yi and Reklaitis 2002 ,
except that this example has recycle streams. The output
products of downstream processes 3 and 4 are fed into up-
stream storage 1. The product in storage 6 is recycled into
process 1. The input data as well as computed results are
summarized in Tables 1�4. Then, R ise x

R se x

1 0 0 0 0�0.5 0�0 0.1�0 0�0 0�0
0 1 0 0 0�0.3 0�0.3 0�0 0�0 0�0
0 0 1 0 0�0 0�0.4 0�0 0�0 0�0
0 0 0 1 0�0 0�0.3 0�0 0�0 0�0
0 0 0 0 0.9�0 0.7�0 0�0.85 0�0.8 0�0.75
0 0 0 0 0.1�0.2 0.3�0 0�0.15 0�0.2 0�0.25
0 0 0 0 0�0 0�0 0.9�0 0�0 0�0
0 0 0 0 0�0 0�0 0�0 1�0 0�0
0 0 0 0 0�0 0�0 0�0 0�0 1�0

We can easily find that R is invertible and the average flowe x
rates in D can be calculated by Eq. 25. We assume thatRL
the purchasing average material flow rate from each supplier
has the lower bound of 10,000 Lryear and the average mate-
rial flow rates through processes 3 and 4 have the lower bound
of 100,000 Lryear. Then, optimal average flow rates from
suppliers for the same raw material are determined so that
the supplier with minimum A j� j has maximum possible flowk k
rate and the other suppliers have their minimum flow rates.
The flow rates for similar processes 3 and 4 are determined
by the same reasoning. After calculating the average material
flow rates, Eqs. 11 and 12 give optimal batch sizes directly.
The deadline of first finished product delivery to customer is
set to 0.3 years later. The startup times of processes are sub-
sequently calculated by Eq. 15. The variables in Eq. 15 out-
number the equations. The additional freedom can be used
for convenient and economic startup sequence. We would like
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Table 1. Input and Output Data with Respect to Process
in out in outProcess D B � t t x , x a Ai i i i i i i i i

I1 241,176 113 0.0005 0.2981 0.2985 0 1,825 100
I2 425,725 336 0.0008 0.2969 0.2977 0 1,825 500
I3 326,667 239 0.0007 0.2989 0.2996 0 365 75
I4 100,000 136 0.0014 0.3000 0.3014 0 365 80
I5 168,000 171 0.0010 0.2990 0.3000 0 365 75
I6 24,000 64 0.0027 0.2973 0.3000 0 365 75

Table 2. Input and Output Data with Respect to Feedstock Storage and Supplier
j j j j j j jStorage Supplier D B � t x ,a Ak k k k k k k

J1 K1 67,922 272 0.0040 0.2954 0 20
J1 K2 10,000 117 0.0117 0.3000 0 25
J2 K1 200,071 570 0.0028 0.2965 0 30
J3 K1 150,290 283 0.0019 0.2954 0 10
J3 K2 10,000 73 0.0073 0.3000 0 10
J3 K3 10,000 73 0.0073 0.3000 0 10
J4 K1 127,718 304 0.0024 0.2959 0 15

Table 3. Input Output Data with Respect to Storage

� Ž . �M j
j j j j jŽ .Storage V 0 V H b DÝs m

ms1

J1 0 483 0.1 18.25 0
J2 0 704 0.5 18.25 0
J3 0 563 1 18.25 0
J4 0 405 5 18.25 0
J5 0 840 0.5 36.5 0
J6 0 241 50 36.5 0
J7 0 337 0.65 25.55 384,000
J8 0 171 0.7 25.55 168,000
J9 0 64 0.75 25.55 24,000

to minimize the initial inventory of intermediate materials,
because they should be purchased from other companies,
probably competitors. Also, we would like to postpone the
startup times as much as possible to be just in time to the
first delivery time of 0.3 years. We can formulate a subsidiary
optimization problem to minimize

� Ž . �� � � � K j � �J J I
4 j j in10 V 0 y t y tŽ .Ý Ý Ý Ýk i

js1 js1 ks1 is1

subject to Eq. 15. Calculated results are summarized in Ta-
bles 1�4. Figure 6 shows the inventory profiles of selected
storages predicted from Eq. 3 based on optimal design calcu-
lation results. The resulting sizes of batch processes and stor-
age units are quite small, because we have considered capital
costs of those equipments when � j and � were calculatedk i
by Eqs. 13 and 14. According to our theory, the optimality
cannot be realized by manipulating only design variables such
as equipment sizes, but can be achieved by manipulating both
design and operating variables such as startup times and ini-
tial inventory levels. The output data in Tables 1�3 show
such results. In spite of complicated recycle streams, proper
process startup sequence, as well as optimal equipment sizes,
is easily found. Note that one of the feedstock materials to
process 1 is the product of process 2. Therefore, process 2
should start up earlier than process 1 in order for the mate-
rial in storage 6 to be available to feed to process 1, as can be
seen at Table 1.

We would like to discuss the inclusion of more constraints
into the model. The design variables are mostly upper and
lower bounded in real applications. We already have dealt
with the lower bound of average flow rates in the above ex-
ample where the minimum average flow rates were 10,000
and 100,000 for suppliers and processes 3 and 4, respectively.
If cycle times andror startup times are out of upper andror
lower bounds, either upper or lower bound close to the un-
bounded optimal solution should be selected because the ob-

Table 4. Feedstock Composition and Product Yield
j j j jProcess Storage f g Process Storage f gi i i i

l1 J1 0.50 0.00 I3 J6 0.15 0.00
I1 J2 0.30 0.00 I3 J7 0.00 0.90
I1 J5 0.00 0.90 I4 J1 0.00 0.10
I1 J6 0.20 0.10 I4 J5 0.85 0.00
I2 J2 0.30 0.00 I4 J6 0.15 0.00
I2 J3 0.40 0.00 I4 J7 0.00 0.90
I2 J4 0.30 0.00 I5 J5 0.80 0.00
I2 J5 0.00 0.70 I5 J6 0.20 0.00
12 J6 0.00 0.30 I5 J8 0.00 1.00
I3 J1 0.00 0.10 I6 J5 0.75 0.00
I3 J5 0.85 0.00 I6 J6 0.25 0.00

16 J9 0.00 1.00
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Figure 6. Inventory profiles resulted from optimal de-
sign.

jective function is convex with respect to cycle times and
startup times in the first optimization problem.

Conclusion
This study deals with the optimal design of a chemical plant

composed of a set of storage units and a set of batch pro-
cesses in most general network structure. The material in a
storage unit can be purchased, internally produced, internally
consumed, andror sold out. A process can consume multiple
materials in storage units and produce multiple products into
storage units. All operations are assumed to be periodical.
Startup time and cycle time of any process are our major
decision variables with average material flow rate through the
process. The economic factors considered in this study cover
raw material purchase cost, setup cost, inventory holding cost,

and capital cost of construction. Sequence dependent setup
cost and backlogging cost are not considered in this study.
Analytical optimal solution for the design problem indicates
that the design procedure can be decomposed into two

Ž .phases: 1 To determine the average material flow rates by
solving a separable concave minimization network flow prob-

Ž .lem; 2 To determine the cycle times and startup times by
simple analytical equations. Solving concave minimization
problem is nontrivial work, but an analytical solution is avail-
able in a special case. The average material flow rates can be
calculated by any other method, such as linear programming,
without damaging the optimality of the other procedure.

Because the network model is very general, the result can
be applicable to the plant involving recycling streams which is
known as very difficult to solve, but also very popular in
chemical industries. In spite of enlarged applicability, the
derivation and results in this study are much more compact

Ž .than our previous work in Yi and Reklaitis 2002 . Although
this study is focused on plant design problem, the application
is not limited to the design. Simple analytical optimal solu-
tion of cycle times and startup times can contribute to the
optimal operation of the plant. The supplier selection prob-
lem of Eqs. 20 and 21 may be very useful especially to choose
the best suppliers of raw materials, as it is obviously one of
most important operational issues in manufacturing business.
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Notation
a j sannualized capital cost of raw material purchasing facility,k

dollars per unit of item per year
a sannualized capital cost of unit i, dollars per unit of item peri

year
b jsannualized capital cost of storage facility, dollars per unit of

item per year
A j sordering cost of feedstock materials, dollar per orderk
A sordering cost of noncontinuous units, dollar per orderi
B jsraw material order size, units per lotk
B snoncontinuous unit size, units per loti

B j sfinal product delivery size, units per lotm
D j saverage material flow of raw material supply, units per yeark
D j saverage material flow of customer demand, units per yearm
D saverage material flow through noncontinuous units, units peri

year
D sdefined by Eq. 24R L
D sdefined by Eq. 24out

f jsfeedstock composition of unit ii
g jsproduct yield of unit ii

H jsannual inventory holding costs, dollars per unit of item per
year

Isnoncontinuous process set
I sunit matrixe x

Jsstorage set
Ž .K j sraw material supplier set for storage j
Ž .M j sconsumer set for storage j
P jsprice of raw material j from supplier kk
Rssubset of storage connected with raw material suppliers

R sdefined by Eq. 24e x
t j sstartup time of customer demandm
t in sstartup time of feedstock feeding to noncontinuous unit ii

t outsstartup time of product discharging from noncontinuousi
unit i
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t j sstartup time of raw material purchasingk
T sdefined by Eq. 26R L

jV supper bound of inventory holdup, units of item
V jslower bound of inventory holdup, units of item

jŽ .V t sinventory holdup, units of item
jŽ .V 0 sinitial inventory holdup, units of item

V j sstorage size, units of itemmax
jV stime averaged inventory holdup, units of item

x j sstorage operation time fraction of purchasing raw materialsk
x in sstorage operation time fraction of feeding to noncontinuousi

unit i
xoutsstorage operation time fraction of discharging from noncon-i

tinuous unit i
x j sstorage operation time fraction of customer demandm

Greek letters
� j scycle time of customer demand, yearm
� j scycle time of raw material purchasing, yeark
� scycle time of noncontinuous units, yeari
Ž .� 0 sdefined by Eq. 26
� sdefined by Eq. 13i
� jsdefined by Eq. 14k

Subscripts
isnoncontinuous unit index
lssimilar process group index

ksraw material vendors
msfinished product customers

Superscripts
jsstorage index
rsstorage index connected with raw material suppliers

Special functions
w xint � struncation function to make integer
w xres � spositive residual function to be truncated

� �X snumber of elements in set X
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Appendix A

Proof of statement that Kuhn-Tucker condition of two-le®el
parametric optimization problem are the same as those of the
original optimization problem if the constraints become equali-
ties.

We will consider only one variable, one parameter, and one

constraint, however, the development can be readily ex-
panded to the case with multiple variables, parameters, and
constraints without loss of generality. Consider the following
optimization problem

min f x , y subject to g x , y G0 A1Ž . Ž . Ž .
x , y

The Kuhn-Tucker conditions for Eq. A1 are

� f x , y � g x , yŽ . Ž .
y� s0

� x � x

� f x , y � g x , yŽ . Ž .
y� s0

� y � y

�g x , y s0Ž .

�G0 A2Ž .

Now, consider the optimization problem Eq. A1 separated
into a two-level parametric problem. At first, suppose y to be
a fixed parameter. The first level optimization problem is

min f x , y subject to g x , y G0, � y A3Ž . Ž . Ž .
x

The Kuhn-Tucker conditions for Eq. A3 are

� f x , y � g x , yŽ . Ž .
y� s0

� x � x

�g x , y s0Ž .

�G0 A4Ž .

Ž . Ž .Let x y and � y be the solution of Eq. A4. Suppose that
Ž Ž . .g x y , y s0. Then, the second level optimization is

min f x y , y subject to g x y , y s0 A5Ž . Ž . Ž .Ž . Ž .
y

The Kuhn-Tucker condition is

df x y , y dg x y , yŽ . Ž .Ž . Ž .�y� s0 A6Ž .
dy dy

Note that, although Eq. A6 includes total differentiation, it
can be reduced to partial differentiation if the chain rule is

� Ž .applied to Eq. A6 with � s� y

df dg � f � x � f � g � x � g
� �y� s q y� q

dy dy � x � y � y � x � y � y

� f � g � x � f � g
� �s y� q y�

� x � x � y � y � y

� f � g
�s y� s0 A7Ž .

� y � y
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Equations A4 and A7 coincide with Eq. A2 under the as-
Ž Ž . .sumption of g x y , y s0. This proves our statements.

Appendix B
Kuhn-Tucker solution to the first le®el optimization problem.

The Lagrangian for the optimization problem to minimize
Eq. 8 subject to Eq. 10 with respect to � j , � , t j , t in isk i k i

LsTC
� Ž . �� � K j � �J I

j j j Ž j. j in outy � V 0 y D t y g D t q� 1y xŽ . Ž .Ý Ý Ýk k i i k i i
js1 ks1 is1

� �I
in jy 1y x f D �Ž .Ý i i i i

is1

� Ž . � � Ž . �� � M j M jI
j in j j j j jq f D t y 1y x D � q D t B1Ž .Ž .Ý Ý Ýi i i m m m m m

is1 ms1 ms1

where � j is the Lagrange multiplier. Kuhn-Tucker conditions
give

� L
j j j j jsy H qb D q� D s0 B2Ž . Ž .k lb kj� tk

j j� L A Hk j j j jsy q qb 1y x qa D s0 B3Ž .Ž .k k kj 2 ž /j 2��k �Ž .k

� � � �J J� L
j j j j j j js H qb f y g D y � f y g D s0Ž . Ž . Ž .Ý Ýi i i lb i i iin� ti js1 js1

B4Ž .

� � jJ� L A Hi in jsy qa D y 1y x fŽ .Ýi i i i2�� 2�Ž .i js1i

out jq 1y x g DŽ .i i i

� �J
j in j out jq � 1y x f q 1y x g D s0 B5Ž .Ž . Ž .Ý i i i i i

js1

� Ž . �K j � �I
j j j j j in out� V 0 y D t y g D t q� 1y xŽ . Ž .Ý Ýk k i i i i i

ks1 is1

� � � �I I
in j j iny 1y x f D � q f D tŽ .Ý Ýi i i i i i i

is1 is1

� Ž . � � Ž . �M j M j
j j j j jy 1y x D � q D t s0 B6Ž .Ž .Ý Ým m m m m

ms1 ms1

Solving Eqs. B2 and B4 gives

� jsH jqb j B7Ž .

Solving Eqs. B3 and B5 with Eq. B7 gives Eqs. 11 and 12 in
the main text. Solving Eq. B6 gives Eq. 15 in the main text.
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